The Gauss-Manin connection via the de Rham space

EMERSON HEMLEY

ABSTRACT. We give a simple, geometric description of the Gauss-Manin connection in
terms of the de Rham space X4r.
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1. INTRODUCTION

Let k be a field of characteristic 0 and let f: X — S be a morphism of smooth
k-schemes. It is a classical result that the relative algebraic de Rham cohomology
Hik (X/S) carries a natural flat connection, the Gauss—Manin connection.

Analytically, we can see this as follows: suppose k = C and let f* : ¥ — & be
the associated holomorphic map between smooth proper complex analytic varieties.
Then, we have an isomorphism

1R(X/6) 2RI fICx Q¢ Os

Assuming f" is a proper submersion, R!f!Cx is a locally constant sheaf by the
Ehresmann fibration theorem. Then there is an analytic flat connection

(id® d) : Hyp (X/6) — Hag (X/6) ® Qg

by the Riemann-Hilbert correspondence, which in turn gives a flat connection on
Hig(X/S) by GAGA.

The algebraicity of the Gauss-Manin connection is more subtle. Katz and Oda
provide one such proof of this by the observation that the connection appears as a
differential d¥° on the E; page of a certain spectral sequence [KOG68|. The aim of
this note is to provide another such construction, this time coming from Simpson’s



de Rham space Xqr. In particular, we explain how the de Rham cohomology of
X /S, considered as a Zs-module under the Gauss-Manin connection, is isomorphic
to the higher direct image of Ox, along the induced morphism between de Rham
spaces de : XdR - SdR-

2. THE DE RHAM SPACE

2.1. Preliminaries. We introduce the de Rham space, originally defined by Simp-
son [Sim96]. Many of the technical arguments in this section are found in [Rib24].

Let k be a fixed field of characteristic 0 and Aff be the category of affine k-
schemes. Let 7 be a Grothendieck topology on Affy. We define a 7 algebraic stack
to be a sheaf Affy — Grpd in the 7 topology. The category of 7 algebraic stacks
will be denoted AlgStk...

Definition 2.1 (de Rham space). Given any presheaf X : Affy — Set, we define
X4Rr to be the presheaf

Xqr(A) = X (A™Y)
Note that there is a natural map X — Xgr and that associated to a morphism

X — S there is an induced morphism Xgqr — Sqr. In this case, we define the
relative de Rham space (X/S)4r to be the fibered product Xar X g, S-

Let X be a scheme which is formally smooth over k. If a k-algebra A has
nilpotent nilradical (for instance, if A is Noetherian), then every A™-point of X
extends to an A-point,

SpecArd — 5 X

| |

Spec A ——— Speck

by an infinitesimal lifting argument. Consequently, the natural map X — Xgg is
an epimorphism of presheaves. In general though, it suffices to have X /k smooth.

Proposition 2.2. If X is smooth over k, then X — X4gr is an epimorphism.
Proof. Let J be the poset of nilpotent ideals I — A. Then A™9 ~ h—1>n1e3 A/I, and
Hom(Spec A™9, X)) =~ Hom(lim Spec A/I, X) = lim Hom(Spec A4/1, X)

Iey Iey

where the second isomorphism holds because X is locally of finite presentation
[Stal8] Tag 01ZC. Consider an element on the right; this is given by a representative
Spec A/I — X for some nilpotent ideal I. This lifts to Spec A — X by the formal
smoothness of X. O

From the above proof, we also have the following characterization: if X is locally
of finite presentation over k, then

Xar(A) = Hom(lim Spec A/I, X') = lim Hom(Spec A/I, X)
I€j Iey


https://stacks.math.columbia.edu/tag/01ZC

and therefore Xg4g is a colimit. An important consequence of this is the following.

Corollary 2.3. If X is locally of finite presentation over k, Xgr : Affy — Set
commutes with finite limits and arbitrary colimits.

An important property of the de Rham space is that it satisfies descent.

Proposition 2.4 (JRib24], Proposition 1.1.14). If X is a locally finite type scheme,
the de Rham space Xggr satisfies fppf descent.

We emphasize that £ must have characteristic 0. Thus by our conventions, X4r
is an fppf algebraic stack.

2.2. Algebraic de Rham cohomology. A key feature of the de Rham space
is that the cover X — Xg4gr provides an identification of the algebraic de Rham
cohomology of X with the &-coherent cohomology of Xgr. We will prove a relative
version of this theorem.

Let f : X — S be a morphism of k-schemes, and consider the induced morphisms

(X/8)ar — Xar

fl lde

S—>SdR

Let Ogr /s be the structure sheaf of (X/S)4r.

Theorem 2.5. If f: X — S is a morphism of smooth k-schemes, then
fiR(X/S) = Rif*ﬁdR/S

where the left is the Zariski hypercohomology of QB(/S.

To establish we need the following (both of which are proved in [Rib24]).

Lemma 2.6. Let X be locally of finite presentation. Then, the formal completion
of X along a closed subscheme Z may be identified as

XZ ~ X X Xar ZdR

Lemma 2.7. If X and S are locally of finite presentation,

X X(X/S)dRX = (X XSX)A
where the right-hand side is the formal completion of the diagonal X — X xg X.

Some remarks are in order. A priori, the definition of formal completion of X
along a subscheme Z requires Z to be closed. However in [2.6] note that the right-
hand side does not require Z — X to be a closed immersion. Thus in 2.7, we do
not require X — S to be separated and instead define formal completion as in [2.6]



Proof of[2.7] Let Y = X xg X, so that YaY Xy, Xdr. The result follows from

XX(X/S)dRX—> Y=XxgX

| J

Xarp — 5 Yar = Xdr X g4 Xdr

being cartesian. O

Proof of [2.5 For simplicity, take S = Speck. Since XxX 3 X - Xgp is a
coequalizer of preshAeaves,v X — Xggr is an effective epimorphism. Therefore the
simplicial presheaf X* = Cech(X — Xg4g) is a hypercover of Xqr. This gives

Hi(XdR, ﬁXdR) ot H%)?‘, ﬁj(\.)

By X™ is the ind-scheme given by formal completion of the n-fold product
X x .-+ x X along the diagonal. This simplicial scheme is used by Grothendieck
to calculate the cohomology of the infinitesimal site in [Gro68|. This hinges on the
observation that X* gives a hypercover of the terminal object in the infinitesimal
topos. Precisely, there is a spectral sequence

Eéj = Hl(ﬂ — Hj()?nJrly ﬁf(\nﬂ)) = Hi+j(XiIlfv ﬁXinf)

which degenerates and yields a canonical isomorphism
H' (Xint, Ox,,) = H'(n > (X)) = H(X*, 0.)

because H’ ()2'”*1, Osnia) = 0 for j > 0. It’s a deeper result that for smooth
schemes in characteristic 0, there is a canonical isomorphism

Hi(Xinfv ﬁXinf) = ZiR(X/k)

(Theorem 4.1 in [Gro68]). The exact same proof works over a general base S. [

2.3. Quasi-coherent sheaves on de Rham spaces. A key insight of Simpson
was that for a smooth k-scheme X, the category of quasi-coherent sheaves on Xgr
identifies with the category of algebraic left Zx-modules on X. Since

X/’x\XjX—»XdR

is a coequalizer of presheaves, we may consider X4gr as a quotient of X by the
relation of infinitesimal closeness. The data of a quasi-coherent sheaf on Xgg is
thus equivalent to a quasi-coherent sheaf on X along with a compatible system
of isomorphisms over points which lie in some formal thickening of the diagonal.
This is the definition of a crystal of quasi-coherent sheaves on X; such objects are
equivalent to Zx-modules.



Theorem 2.8. If X is a smooth k-scheme, there is an equivalence
D QCOh(XdR) i @X -mod

between the category of quasi-coherent sheaves on Xqgr and the category of quasi-
coherent left Px -modules.

For a proof of this statement, see [Stal8| Tag 07J6. This equivalence extends to
a cohomological equivalence. Given a left Zx-module (%, V) on X, define the de
Rham complex dRx (:#) to be the complex

F = F Qoy Uy = F Qo O — -+

obtained by iterating V. Then the hypercohomology of this complex is isomorphic
to the cohomology of the associated quasi-coherent sheaf on Xgg.

Proposition 2.9. If X is a smooth k-scheme and (F,V) is a left Dx-module,
HY(X,dRx (%)) =~ H(X4r, ®(F,V))
Proof. Follow the proof of with ®(#,V) in place of Ox,,, . O

Let S be a smooth k-scheme. Then gives an equivalence of functors F' =~ 7*
where F is the forgetful functor 25 -mod — QCoh(S) and  is the natural morphism
S — Saqr. Therefore, any quasi-coherent sheaf .# on S can be endowed with a
flat connection precisely when it is in the essential image of 7*. Then the fact
that the relative de Rham cohomology sheaf Hig (X /S) has a flat connection must
correspond to the fact that it is pulled back from some quasi-coherent sheaf on Syg.

Consider the diagram,

(X/S)dR L XdR

il lfcm (+)

S ——— Sar
and recall we have a natural map
TR far x Oxon — R i Ox,py = Hig (X/S)
called the base-change morphism.

Proposition 2.10. Let f : X — S be a morphism of smooth k-schemes. If (x)
satisfies base change, there exists a canonical flat connection V on Hyp (X/S).

The next section is devoted to the proof of this base-change formula.


https://stacks.math.columbia.edu/tag/07J6

3. 6-FUNCTOR FORMALISMS

Because of the non-algebraic nature of Sygr, establishing the above base change is
slightly delicate; since Sqgr is not a scheme, we cannot apply traditional proper or
smooth base change for quasi-coherent sheaves on schemes. To this end, we proceed
by setting up some abstract machinery: we appeal to the 6-functor formalism for
quasi-coherent sheaves on Xgg as found in [Rib24] and [Rod25]. In this section,
assume that all functors are appropriately derived.

3.1. Abstract 6-functor formalisms. We recall the definition of a 6-functor
formalism. Rather than strive for an exhaustive treatment, we will introduce only
the minimal amount of theory to state the desired result. For details see [Sch22].

Definition 3.1. A geometric setup is a pair (C, E) where C is an co-category with
finite limits and E is a collection of morphisms in C containing all isomorphisms
and stable under pullback, composition, and taking diagonals.

Remark 3.2. F is the class of -able morphisms, or morphisms which admit an f.

Definition 3.3. Given a geometric setup (C, F), the category of correspondences
Corr(C, E) is defined to be the category whose objects are the objects of C and a
morphism from X to Y is a diagram

Z
X Y
in C where the arrow on the right Z — Y lies in E. A composition of morphisms is

ZXyS

Z/ \S
X/ \Y/ \T

where the left arrow Z xy S — T lies in E by assumption. There is a monoidal
structure on Corr(C, E) given by the product in C.

Definition 3.4. Given a geometric setup (C, E), a 3-functor formalism is a lax
symmetric monoidal functor D : Corr(C, E) — Caty.

Given an arbitrary morphism f : X — Y in C, the image of the correspondence
X
% \

Y X



is defined to be f* : D(Y) - D(X). If f: X - Y lies in E, the image of

X

7 N

X Y
is defined to be fi: D(X) — D(Y).
Definition 3.5. A 6-functor formalism is a 3-functor formalism
D : Corr(C, E) — Caty,
such that the following holds:
(a) the functors f* and f; both admit right adjoints (defined to be fy and f'),
(b) for each object of C, the symmetric monoidal co-category D(X) is closed.

A formal consequence of this is the following: given any Cartesian diagram

X -2, x

7| |

Y —— Y
in C where f is l-able, there is a specified isomorphism of functors

grofi— folg)

[Man22|. This is a salient feature of 6-functor formalisms and the motivation for
our consideration of them.

Definition 3.6. Let f: X — Y be l-able and w; := f'(1y) be the dualizing object.
The morphism f is said to be cohomologically smooth provided that

(a) The natural transformation w; ® f*(—) — f'(—) is an equivalence,
(b) wy is ®-invertible in D(X),

(¢) For any morphism ¢ : Y/ — Y with base change f': X’ — Y” of f, the above
properties also hold for f’. Moreover, if ¢’ : X’ — X denotes the base change
of g, we also require the natural map

(9") ws = wpr
to be an isomorphism.

For more details see [Sch22] §5. Cohomological smoothness is important because
it yields an abstract notion of smooth base change ([Zav23], lemma 2.3.9).



Theorem 3.7 (Cohomologically smooth base change). Let

X -9, x

Ao

Y —— Y
be a Cartesian square in C. Then the natural morphism
g* o fu = (f)so(g)*
is an isomorphism if g is cohomologically smooth.

As a final point, we mention briefly a particular type of cohomologically smooth
morphism called cohomologically étale morphisms. Intuitively, cohomologically
étale morphisms are cohomologically smooth with trivial dualizing object, i.e. sat-
isfying f* =~ f'. We do not include a precise definition since cohomological smooth-
ness is a sufficient condition for our needs (see [Zav23| for a precise definition).

3.2. Quasi-coherent sheaves on algebraic stacks. We outline a construction
for a 6-functor formalism for the derived category of quasi-coherent sheaves on
algebraic stacks. This relies on extension theorems for 6-functor formalisms which
we will treat as a black box. This is done in full detail in [Rod25] and [Rib24].

As before, let Affy, be the category of affine k-schemes.

Theorem 3.8. The functor Dy : Aff}® — Cate, which maps X to its derived oo-
category of quasi-coherent sheaves Dyo(X) extends to a 6-functor formalism on the
geometric setup (Affy,all) consisting of all morphisms.

This is proved in [Sch22] §8.3. To extend this to a 6-functor formalism on
algebraic stacks, we appeal to results of [HM24]. This uses the Dyc-topology, though
we will not elaborate on this since we can restrict to the coarser fppf topology.

Theorem 3.9. The 6-functor formalism on the geometric setup (Affy,all) extends
uniquely to a 6-functor formalism (AlgStkp_, E) such that

(a) Let f:Y — X be a map whose pullback to every object in Affy, lies in E, then
f lies in E.

(b) Let f:Y — X be a map which is -locally on the source or target in E; then
f liesin E.

(¢) Every map f:Y — X in E with X a scheme is !-locally on the source in E.

We emphasize that we do not have explicit knowledge of the class E. To check
that a particular morphism of algebraic stacks is !-able, we need to verify one of
the above conditions. For a detailed account, see [Sch22] Appendiz to Lecture IV:
Passage to stacks and [Rod25], Corollary 6.19.



Remark 3.10. The above result uses the Dgc-topology on algebraic stacks. How-
ever this does not pose a substantial problem; the D.-topology is finer than the
fppf topology, and |Rib24] shows that there is a unique 6-functor formalism on
fppf algebraic stacks whose !-able morphisms are precisely the morphisms whose
sheafifications lie in the class E above (proposition 1.3.23). That is, there is a com-
patible 6-functor formalism on the geometric setup (AlgStkg, ., £). In the sequel,
we restrict to this formalism.

We need the following technical lemmas to proceed. Let X and Y be schemes.

Lemma 3.11 ([Sch22], Proposition 8.14). If f : X — Y is smooth and proper, then
f is cohomologically smooth.

Lemma 3.12 (|Rib24], Proposition 1.3.25). Let Z < X be a closed subscheme,
where the ideal sheaf is locally finitely generated. Then the morphism
Xz —X
is cohomologically étale.
With these, we can prove the following central lemma.

Proposition 3.13. If X is smooth over k, the natural morphism X — Xgr is
I-able and cohomologically smooth.

We remark that the proof of this result is essentially ([Sch22], proposition 8.23),
but Scholze works in the IndCoh-formalism.

Proof. Cohomological smoothness can be verified locally on the source and target.
Since this is local on the source, we can restrict to an affine U. Moreover, by
smoothness, we can assume U is of finite presentation over k. By taking a com-
pactification, we can restrict to a proper U. Let Y — Ugr be a morphism with Y
locally of finite presentation over k. Then the following diagram is Cartesian,

UxyY), — Y

| |

U— Usgr

where Z < U x Y is the graph of Y;eq — U, and Z is closed because U is separated
and Y™ — Y is a closed immersion. Then (U x;Y), — Y is the composite of
(UxrY), > Ux,Y and U x;, Y — Y. Since the ideal sheaf of Z is finitely

generated, the first morphism is cohomologically smooth by [3:12] The second is a
base change of U — Speck and is thus cohomologically smooth by O

Proposition 3.14. Let f : X — Y be a morphism between smooth, finite type
k-schemes. Then faqr : Xqr — Yar is !-able in the 6-functor formalism for quasi-
coherent sheaves.

Proof. Since the class of !-able morphisms is stable under composition, it suffices
to verify this after precomposing with the cohomologically smooth map X — Xyg.
Then X — Ygg is the composite of f and Y — Yygr, which are both !-able. O



3.3. The Gauss-Manin connection. Let f: X — S be a morphism of smooth,
finite type k-schemes and consider the diagram

Then, and imply the following:
Proposition 3.15. The natural transformation

TR far  — R fu®*
is an equivalence.

We emphasize that the smoothness of f is unnecessary to establish base change
for the relative de Rham square; since 7 is cohomologically smooth we need not
assume any conditions on fqr (other than that it’s !-able).

Corollary 3.16. There is a canonical flat connection on the relative de Rham

cohomology Hig (X/S).

This Zg-module is naturally isomorphic to the i-th higher direct image of the
structure sheaf of X4r along fqr,

(Hig (X/9), V) = R far «Ox un

Remark 3.17. We can also state the following slightly more general version: let
(#,V) be aleft Zx-module, and let dRx,s(F) = 7 oy Q;(/S be the relative de
Rham complex. By the relative version of 2.9 we have an isomorphism

R’ fe(dRx/s(F)) = m*R’ far «.F'

where .7’ = ®(.#, V) is the quasi-coherent sheaf on X4g corresponding to (%, V).
Consequently the right-hand side has a natural flat connection, which generalizes
the Gauss-Manin connection to “de Rham cohomology” with coefficients in (%, V).

Remark 3.18. This also provides a compact proof of the spectral sequence
H (S, dRs (H)p (X/9)) = Hyg (X/k)
described by [KOG68|. This is the Leray spectral sequence for far : Xar — Sdr
H' (Sar, RY far « Ox.,) = H(Xar, Ox,p)

by 2291
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4. APPENDIX: GENERALITIES ON COHOMOLOGY THEORIES

The Gauss-Manin connection on Hig (X/S) is a particular case of a general con-
struction. Let k be a field and 7 a Grothendieck topology on Affy. We make the
following nonstandard definition.

Definition 4.1. An R-cohomology theory is a cohomology theory for some class
S of k-schemes with an associated 6-functor formalism Dy satisfying the following:
For any X € S, there is a functorial assignment X ~» Xpg, where the latter is a 7
algebraic stack along with a morphism X — Xpg. This data is required to induce

(a) an isomorphism of cohomology,
H% (X /k) = R'T(Xg, 0)
and likewise for relative cohomology with (X/S)r = Xg xg, S,

(b) and an equivalence of 6-functor formalisms,

DR(X) = DqC(XR)

In this context, we often call Dy the coefficients for the cohomology theory Hp.

The terminology comes from the fact that in many cases there is a ring stack R
such that Xr =~ X oR. In the case of de Rham cohomology, this is Aly. Indeed, this
is the functor on k-algebras defined by A — A™4 and hence Xqr(A) = X (Alg(A)).

Example 4.2. De Rham, Dolbeault, crystalline, and prismatic cohomology are all
examples of R-cohomology theories for some suitable class of k-schemes, with asso-
ciated coefficients Z-modules, Higgs sheaves, crystals, and F-gauges, respectively.
Moreover, in each of these cases, Xr = X o Ag.

Let f: X — S be a morphism in § and consider the induced fr : Xr — Sg-

Proposition 4.3. Suppose X — Xg is cohomologically smooth for Dq.. Then the
relative cohomology Hy (X /S) has a canonical R-coefficient structure via R*(fr)«Ox5,-

To summarize, we always have a natural additional structure on relative coho-
mology induced from X ~~» Xp.

4.1. The Kodaira-Spencer map. Let k be a field of characteristic 0 and X a
smooth k-scheme. Recall that the algebraic Dolbeault cohomology is defined to be

bol(X/k) = D RIfQ% ),

ptq=i

Dolbeault cohomology is an R-cohomology theory in the sense of [Sim99]. That
is, there exists an fppf algebraic stack Xpo and a morphism X — Xp, whose

11



O-coherent cohomology recovers Hp,. The category of quasi-coherent sheaves on
XDol is equivalent to the category of quasi-coherent Higgs sheaves on X,

QCoh(Xpol) = Higgs(X)

which we view as the coefficient objects for Dolbeault cohomology.

The stack Xpo has a simplicial presentation as T* X, where T" X is the n-fold
product TX xx -+ Xx TX and the formal completion is along the zero section
X — T"X. We can copy the proof of [3.13| to conclude the following,

Proposition 4.4. If X is smooth over k, X — Xpe) is cohomologically smooth.

Suppose we have a morphism f : X — S of smooth, finite type k-schemes. Then
implies that there is a natural Higgs field ¢ on H}_;(X/S) and

(Hboi(X/S),9) = R’ fpol« Oxp,

This is precisely the Higgs structure induced from the Kodaira-Spencer map of f,
k: QY — RULQY /5" We construct this Higgs field as follows: for every (p, q), cup

product with the associated section in R! T80 /s ® Qg gives an Tg-linear map
-1
RP [ g — RPTH A Q% s ®os Qs

This yields an @s-linear map ¥ : Hy ) (X /S) — Hpy (X /S) ®s Qs with 9 A9 = 0.
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